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A consideration of nonlinearity is essential for describing many 
important physical phenomena and processes in solids. The determination of 
nonlinearity is of importance for the characterization of materials. 
especially the newly developed ones. The existing techniques for measure-
ments of the nonlinearity can be divided into two main categories. One is 
the measurements of strain dependence of the ultrasonic velocity (induced 
by stress. temperature. etc.). The other is the measurements of the 
harmonic generation in the solids. 
Previously. Prosser [1] measured the uniaxial and hydrostatic stress 
derivatives of the ultrasonic velocity for a unidirectional graphite/epoxy 
composite (the same material investigated in this research). From those 
measurements. seven of the nine third order elastic coefficients of this 
composite were calculated. Determination of the remaining two coeffi-
cients. c133 and c333' was not possible because of the small effects that 
the stress had on the velocity along the fiber direction and limitations 
in the magnitude of hydrostatic stress that could be applied. 
In this research we use a new technique to measure the nonlinearity 
parameter of harmonic generation. Recently Wu and Winfree [2. 3] have 
developed a physical model of a piezoelectric measurement system. which 
allows the measurements of the fundamental and the second harmonic 
displacements. This new method. employing piezoelectric transducers bonded 
directly to the specimen. has been used to measure the nonlinearity 
parameter of polymers. It is more convenient than those employing 
capacitive transducers because less stringent sample surface preparation 
is required. 
In this paper. we present this new technique and its application to 
the measurements of the nonlinearity parameter and thereby determination 
of the third order elastic coefficients for the composite. 
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THE NONLINEAR EQUATION OF MOTION AND THE NONLINEARITY PARAMETER ~3 
The one-dimensional. nonlinear equation of motion for a longitudinal 
wave propagating in an isotropic elastic solid can be written as 
c 2~ [~3 (OU)2 + ... J 
oX 2 ox 
(1) 
where x is the coordinate in the direction of propagation. u the displace-
ment component. The nonlinearity of the solid is characterized by ~3' 
which is defined by 
(2) 
where M2 is a linear combination of second-order elastic coefficients. and 
M3 a linear combination of second- and third-order coefficients. We now 
assume a steady driving term such that. for a semi-infinite solid at x = 
o. u = ADg(t). where get) is typically a tone burst. defined to have a 
maximum amplitude of 1. AD is the displacement and c is the infinitesimal 
amplitude sound velocity with c 2 = M2/PO. Eq. (1) can be solved by a 
method of iteration. i. e.. successive approximations. [4] 
Obviously the zeroth order solution has the form of a traveling wave. 
uO(x.t) = ADg(t - x/c). By substituting this into the quadratic term on 
the right-hand side of Eq. (1). the first order solution can be obtained 
as 
u(x.t) 
(3) 
The first term in the solution is referred to as the fundamental. The 
second term. which is the result of the nonlinearity of the solid. is 
generated by the fundamental and increases linearly as the wave propagates 
through the solid. It is convenient to convert the derivative in (3) into 
a time derivative for applying the equation to a real measurement. For any 
propagating function get - x/c). og/ox = -(I/c)(og/ot). The solution (3). 
therefore. can be expressed as 
u(x.t) 
(4) 
The shape of the wave recorded as a function of time can be used then to 
infer the magnitude of the nonlinearity. 
THE MEASUREMENTS OF ~3 WITH PIEZOELECTRIC TRANSDUCERS 
Absolute displacement measurements are required to determine ampli-
tudes of the fundamental and harmonic waves. Conventionally such measure-
ments are made by a capaci ti ve detector. [5] 
Compared to a contact piezoelectric transducer. a capacitive detector 
requires considerably more sample preparation and has less sensitivity. In 
addition. when the specimen is a non-conducting material (like polymers). 
the static charge built up on the surface makes the measurements of the 
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capacitance ineffective. if not impossible. and invalidates the conversion 
of measured signals to absolute displacements. 
It is possible to use a contact transducer for the displacement 
measurements if a model can be used to convert the output voltage of the 
transducer to the absolute displacement in the specimen. This requires a 
physical model which accounts for the electromechanical interaction of the 
transducer with an applied electric field. as well as the acoustic 
response of any intermediate layers. 
Using Mason's equivalent circuit [6] and Sittig's model for trans-
ducers in a layered system [7. 8]. Wu and Winfree recently have developed 
such a model [2. 9]. in which the acoustic. dielectric and piezoelectric 
properties of the transducer. bond. and solid are considered. From these 
properties. the impulse response of the system is modeled and the input 
and output voltages are related to the amplitude of the ultrasonic wave. 
We consider a plane wave propagating in the loss less transducer 
followed by an intermediate layer of bond and then a semi-infinite trans-
mission medium. By analyzing Mason's equivalent circuits for all layers. 
the transformation matrix coupling the input voltage E and current i to 
the force F and particle velocity v of a transducer bonded to a solid can 
be written as 
with 
where 
and 
[~ ~] ;Q [ 11 j~;rocol [ CosyO jOOC o j Sinyo/zo 
[ Co"1, 
x jSinY1/Z 1 
j', Siny, 1 
Cos'Y1 
Zn - PncnS, 
'Yn = reoo/oon • 
oon = rccn/l n . 
Cn = EnSlIn. 
~2 = ooOCOZOk02/rc. 
Q = cosyo - 1. 
for conducting bonds; 
for dielectric bonds. 
(5) 
j'oSinyo 1 
2 (Cos'YO - 1) 
(6) 
Each layer is characterized by a cross-sectional area S; and an individual 
density Pn' thickness In. and acoustic velocity c n . (n = 0 for a piezo-
electric layer; and n = 1 for a bond.) In addition. a permittivity En 
characterizes the dielectric property of a dielectric bond or piezoelec-
tric layer; and an electromechanical coupling factor kO is an index of the 
energy conversion efficiency for the piezoelectric layer. 
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For an input pulse shorter than twice the transient time in the 
transmission medium. there is no interference between the input and output 
transducers. Therefore. the transformation matrix for the receiving trans-
ducer can be obtained by exchanging A and D of (5). Using the expression 
u(ro) = -jv(ro)/ro. the displacement is related to the output voltage of the 
receiving transducer. El by 
u(W) 
(7) 
where L(W) is the Fourier transform of the impulse response of the 
receiver; Rl the resistive part of the load impedance Zl; and Zt the 
acoustical,impedance of the transmission medium. By evaluating the 
transformation matrix elements [10] and the impedances. in other words. 
making a calibration for the measuring system. the amplitude of the 
fundamental and the second harmonic. and hence the nonlinearity parameter 
~3 can be calculated. 
The experimental apparatus used to measure the fundamental and second 
harmonic is shown in the block diagram of Fig. 1. A 5MHz lithium niobate 
longitudinal transducer was bonded to one side of the specimen. as a 
transmitter. and a 10MHz transducer to the other side. as a receiver of 
both the fundamental and the harmonic waves. For the measurement of the 
harmonic. the output of the 10MHz transducer was filtered through an 
analog high pass filter before being digitized. then transferred to the 
minicomputer for off-line processing and storage. For the fundamental. 
signals were digitized without the filter. The measurement was repeated 
with several different drive amplitudes for each specimen. 
Function 
Generator 
Computer Digitizer 
Piezoelectric 
Transducer 1 
Piezoelectric 
Transducer 2 
1 High-Pass r--
Fig. 1. Block diagram of the measurement system with piezoelectric 
transducers for harmonic generation. 
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After finishing each set of measurements. the load impedance of the 
receiver was determined for frequencies over the range of interest by 
using an impedance analyzer. Each set of impedances was recorded for use 
in later analysis. 
The measured signal is a convolution of the ultrasonic wave with the 
impulse response of the detection system. The Fourier transform EI(OO) of 
the measured signal is deconvolved and the Fourier transform u(oo) of the 
absolute amplitude of the ultrasonic wave is then obtained. Since the 
right hand side of the Eq.(7) has a pole for the frequency equal to zero. 
the Fourier transform is evaluated only over the frequency range of 
interest. The inverse transform of this result. u(t) is a time record of 
the ultrasonic displacement in the specimen. 
RESULTS 
The nonlinearity parameter is calculated by using Eq. (4). The 
measured shape of the fundamental is used for fet). giving the theoretical 
wave form of the second harmonic h(t) as 
(8) 
with the parameter ~3 undetermined. To determine the value of ~3' one can 
simply fit the Fourier transform of the measured second harmonic waveform 
by the Fourier transform of h(t) (in the frequency domain) with ~3 as the 
only independent variable. 
The magnitude of the nonlinearity parameter calculated directly from 
the measured waveforms is then corrected for attenuation as well as dif-
fraction. [9] The ~3's from the averaged results of all samples measured 
for two directions are shown in Table I. By using these two values. c111 
and c333 are calculated and listed in the same Table. From c333 one is 
able to calculate c133' [1) The result is shown in Table II. 
TABLE I. The Nonlinearity Parameter ~3 and the Third-order Elastic 
Coefficients for the Transversely Isotropic Composite 
-lO.8±O.6 -4.l±O.2 
cAAA*(GPa) -196 -829 
·cAAA = (~3.A - 3)cAA; A = 1. 2. 3. 
TABLE II. Some Calculated TOEC's 
This Work -196 -829 -236 
Prevo Res. [1] -191 
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DISCUSSION 
We have measured nonlinearity parameters. P3 for the transversely 
isotropic composite using the piezoelectric transducers. The results for 
the direction along the fiber axis and on the plane perpendicular to the 
axis are significantly different. The value for the direction along the 
fiber is about 4. much less than that on the plane perpendicular to the 
fiber. nearly 11. Recently Wu has also measured the nonlinearity parameter 
for three polymers (PMMA. polystyrene and polysulfone). which are approxi-
mately in the range of 11 to 13. [3. 9] It is obvious that the 
nonlinearity on the plane perpendicular to the fiber is dominated by the 
polymer matrix. 
The value of P3 on the plane allows us to calculate the c111 for the 
composite. As shown in Table II. the result has a very good agreement with 
that of the previous research [1]. Using the P3 along the fiber axis. we 
are able now to calculate c333' Note that although c333 has a much larger 
value than c111' the ratio of c333/c33 is smaller than that of c111/c11' 
This implies that the effect of nonlinearity along the x3 (fiber) axis is 
less than that along the xl axis. 
In summary. we have developed a new quantitative technique. using 
piezoelectric transducers. for measurements of the nonlinearity of 
composites. From the results of these new measurements. we have completed 
the calculation of nine third order elastic coefficients for the 
transversely isotropic composite. 
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